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obtained. 

Keywords s-ordered Expansion of Operators • General Ordering Theorem • 
Operational Methods • Incomplete 2-Dimensional Hermite Polynomials 

PACS 03.65.-W • 42.50.-p • 31.15.-p 



1 Introduction 

Undoubtedly, one of the most important representations in quantum mechan- 
ics, is that of the number or Fock states. [T] In this regard, we are interested 
in the quantum mechanical phase-space representation through these states. 
The latter, however, is not unique due to the existence of the s-parameterized 
class of orderings and quasiprobabilities. [2] A recent approach to s-ordering of 
operators is given by Shahandeh and Bazrafkan [3] by which one may i-order 
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any multiplicative sequence of Sj-ordered functions with j e {2, 3, . . . , fc} as 
{f {a\a)}^^ {g (at , a) • • • {h {a\a) 



■i-pair (u; , t)-contractions 



"(at, a) I 

i J t 



(1) 



in which I € {l,2,...,i}, u = {ui,U2 ■ ■ ■ ,Ui) with u/ €E {—1,1, Sj}, and 
(^FG • • • i?) " is the i-pair (ui , i)-contracted form of the multiplicative sequence 

FG ■ ■ ■ H. In this notation, the s-ordering symbol has been denoted by {• • • j^. 

The relation ([I} provides the most general method of ordering of operators. 
As a simple example, one can evaluate the s-ordered form of the monomial 
(ata) as 



s + l 



s - 1 



{ata}^ 



s + l 



s - 1 



s - 1 



which could be simply verified using the relation [4] 



min{n,m} 

{at"a™}^ = E 

i=0 



t - S 



x{at"-*a"-'}j 



In the present paper, we use this new technique to t-order Fock space 
projectors. 



2 Incomplete 2-Dimensional Hermite Polynomials 

As will be seen later, the class of incomplete 2-D Hermite polynomials is 
closely related to the general ordering problem. These polynomials are defined 
through [5] 

hrnA^,v\T) = ^ j z!r':r"-y"- , (2) 

with the generating function 

E ^V«(^,2/|r) = e^-+'^^+-^'^. (3) 
^ — ^ mini 

m,7i— 
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One may also simply check that the partial sum formulas might be written as 

E ^Vn(a:,y|T) = (j/ + rA)V% (4) 
^ — ' to! 

m=0 



V ^/i™,„ [x, y\T) = (:e + T^iTe^y . (5) 

These functions, using the general ordering theorem (GOT) Eq. ([1]), readily 
provide the relations 

at"a- = {K^„, {a\a\T^)}^ , r_ ee ^ , (6) 



and 



3 i-ordered form of 



For future applications, we use GOT to i-order the operator 
end, we may use Eq. ([7]) to write 

U=o ' J t 

which having the relation to the usual Laguerre polynomials, [5l|6] 

Vn(^,2/|r) = T"n!L„(-^) , (8) 

gives 

P-}. ^ {I '-•'>"^" (-$)).■ "> 

Now, one may employ the generating function of the Laguerre polynomi- 
als [7] to reduce Eq. ® to 
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4 f-ordering of Fock Space Projectors 

In this section we give a convenient way of t-ordering the Fock states projectors 
using GOT in combination with the operational methods in generatingfunc- 
tionology. [5] We may begin with the weh-known relation |0) (0| =: e~°'^'^ :. |1] 
Now, we may write the projectors in the form 

\n) H = -L=at"|0) (0|a™ 
y/nimi 

= J: Q^" : e^'^*'' : a" (12) 

V n\m\ 

At this point, we may use GOT to f-order the product a' a . 

First, we have 

iniii{n,m} 



I ™ — n 1 — n \ / 



m— 

oo 



TO 
^ m=0 



which after using the partial sum formula for incomplete 2-D Hermite polyno- 
mials Eq. ([S]) gives 

^tn|gAata| = ( Ar_ + 1)" | at"e^'^* } . (13) 

Again, we may multiply the right-hand-side of Eq. p^ . regardless of the 
constant coefficient, on the right by a™. This leads to 



J, min{fe+n,m} , , , 



fe=o i=o 
's - 1 



= {(r_a„t+a)"VV''^}^ 
Using the substitution a^" — ?> a~"9^ we arrive at 

|^t«e^ata| ^™ ^ |a"'-«a«K™e^''^''} (14) 

K = r_A + l (15) 

which after changing the order of differentiation with k by the general Leibniz 
rule 
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leads to 

Combining Eq. with (|16p gives 

a |e I a = K |/i„_m (a' , a|T_K je | (17) 
Equation (fT7|) might be used together with Eq. (ITUl) leading to 

^t"|e^ata| ^ /k'"+™{;i„,„ (at,a|r:K'-i) e'"^'"}^ (18) 

ri = ^, K' = ri.g + 1 (19) 

This is the most general transformation of this kind. Thus, one may choose 
s = 1 and A = -1 in Eq. ([TT]) to get to 

\n){m\^^l=r+"'+'{K,rn{a\a\K)e-f-'''} (20) 
\J n\m\ ^ > t 

/ = ^, K^- (21) 

which is the desired result. In the special case of to = n this gives [TU] 

|n) (n| = (^-^) e-f'^''^^ (22) 

where we have used the relation to the usual Laguerre polynomials Eq. ([5]). 



5 An Application 

The most obvious application of Eq. (PH)) is to write the (— <)-parameterized 
quasiprobability of the Fock space projectors as [5] 

W^lnXml (a, -t) - ^=^/"+"+i/j„^„ (a*, a |^) e"/!"!' (23) 

and thus, the matrix elements of any given operator F in Fock space repre- 
sentation is given by 

/j2 
^W|„)(™|(a,-t)M^^(a,i) (24) 

in which Wp (a, t) is the t-parameterized symbol function of the operator F . 
Choosing F = (/3| and using the (— i)-ordered expansion of the coherent 
state projectors [TT] 



2 



1 -t 



exp 



(25) 
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leads to 

/3*"/3" = , f / ^/.„,™(a*,a|«)e-/l"l^-x-.l^-l^ (26) 

l-t J TT 

which is a new integration formula for incomplete 2-D Hermite polynomials. 



6 Conclusion 

The GOT is a purely combinatorial approach to the ordering problem of op- 
erators. In this regard, we have used it to give the general ordered form of the 
Fock space projectors. We have used the simple operational methods together 
with the new incomplete 2-D Hermite polynomials to achieve this aim. A sim- 
ple application of the result has been given which leaded to the integration 
formula for incomplete 2-D Hermite polynomials. 
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